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Substitution _ri.lings in IR
4

A tiling is o collection of tiles with olig)oint titeriors that covecs R
A substitution cule on o set of protatiles is A - &
a tessellation of each protstile by rescaled

— A

probetiles , with o fued scale e (o))

Rz?eo&ed aPP\ico&ions of the substitution rule Followed L\3
N rumﬁng AszQ (ow)er and (o\rger Pcutdus.
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Multiccale Su.osﬁfuhon T’t\'mgs n M‘ [39 2]

. 4 : :
A multiscole substitution scheme 6 mu R conssts of. o substitution

cule on wit Yolume Pro'to'l'i les T;,.. T, whece A — ﬁ

ol ous oﬁ-‘—-\&(&n‘t SCOu(Q.S aﬂ)w and SO\tisFt) V W

a siw\ph. incomenSuro\bilv) condition .

A time-dependent substibution semitlon) i defines o fowily of potehes:
At tne t0 FL(M)= T, and as t icreases the petch
ts inflated &) e ond tiles of udume>{ are
substituted.
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Useful Exomple : o- Kokutoni Ochemes
. substitution scheme

—1
1

I | V 'oLI | (-0 I
+ Koletai sequence of Pw’(iﬁons M. [Kokutowni 36, §720]

alm\js sP\(\' T,
(cm5est iV\'tQF \lo&

. h\ivxss 0'? R [SS ’z\]

.+ associoked groph G [KsS 20] log & @Q log i~

6 (¢ (ncommensureble ¢ Gs contoins two closed poths of '.zmjf\ns %’é@.
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From Schemes in K o Tolings of 1™

.+ upper holf - space S (2,9) - (o, x DM, 65 0}

Two contivouws actions by h\“)u"oolic (sometries:

. \v\o(‘os?hﬂ.r(c [Roso.cﬁon k\j(x.s) = (\3+x.$) for ye Rd

. cJeodesic [R- action 9, (5¢,8) = (etx, ets) For te R
50&'&5{’-\5&«\3 9 °hy - k&g" It

Bosic idea (Petite): give every Euclideom tile o hieight corresponding
to its scole , and 3\ue tiles ‘(oﬁdt\w- wmetead of sub s’(‘&\»\fw\g

- e 1- (=)
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G.\uim) Procedure

. Poeition the Poh\n W “-\A“
o‘licsv\Qol to e \v\oros‘,\m,ro. gs=1}




G.\u(m) Procedure

. Position the Poh\n "N “-\Aﬂ
o‘li(ynQol {’0 '(.'VUL \I\of‘os?\uu‘o. is:.}

. Glue an isometric Copy of the Pm’cck
to the bottom of & tile, repeat




G.\uim) Procedure

. Poeition the Poh\n W “-\A“
o‘licsv\Qol to e \v\oros‘,\m,ro. gs=1}

. Glue an isometric copy of the Pox’cc\r\
to the botlom of « tile, repeat
Tobter Dolbilin, Feettlsh ‘09]
.« The limik o ‘)m’( is colled o {c}unr
(suspended nocmolized Kokutowi poctitions)

_ d+
. T(lmcgs of I ‘om Pwﬁa[ Limuts ox towers under g A8 t—
The fi[ima sPMQ, X:jf & the collection QS— all sudh Limits,
)(:_'jf s mvariant under both kb and 9¢t.






Li@l‘w\gs o{: ("lu“’is cale SuLStifuﬁon Ti(iv\gs

-n\QOfM (et Te X:Jr be a d+i- oimansional hs:)PQr bolic
tlmg , Hn the mop T T n§s=1} oleMQS a - oimansional
multiseale substitution ti l(nj 5emrv\\'eo\ 5\) S.

R

FM@M*) W\Msﬁ tiles up to Iv\f\'nihl mﬂ\n) {'((&f up t
‘\\)P(rbolic (sometnieg Euclidean (sometries
( osssumi\ag inComwmmt&J)
¢ lhon osP\r\ﬂ.ric [Rd o\cﬁon h‘.\ — fmns(p»t(ov\ o\cﬁon W RA \.SPG(R‘
. cJeodesic [R- action 9t —  substidution sti(»\ow Ft “Hwe”



R elated sterl:ol(c Constructions

POi.V\CO\fE

disk model
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R elated sterl:ol(c Constructions

POi.V\CO\fE

disk model

oL =1L
oA nkl‘e

[B'd(‘ Sci\j I?"‘\] [Penrose 17'3]

U‘:Per hol{ -

plowe model

Binunj ﬂling, Nuweration s\5st¢ms oL*-'a—
[ Kowoe os)




R elated H\jferl:olic Constructions

Escher’s Raaulur Division
of The Plone V| 5y
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Counfw\ﬁ ™ Towers oo

Theoram (et 6 be an cowmnen-
surable scheme n Rd - Than:

h ~bolic
| Y?fi;h{ t

§s=¢t} J

; T—

(Poths 1 Gg of lewgth < t)

hl@s °“' k\jve j W\kQPSQC(“\S [\rT(SS - \/6) 1]) . dt
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Co?nbom\it:ms (56)"= Z i e';“"f{ :&5 (H¢)~-= Z-\fouT) &3 JoL(T)
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nm T wn T
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The Horos?\uric Flow
\/\Or‘os‘:‘r\ﬂ.r(c ﬂéo\cﬁon: ’\3(9&.53 = (\rx,s) for ye R
(et 6 be an mommensurable scheme in Ro\ . Then

Theorem The ol\)vm\ica( Sys tem (X:\’?, k‘)\ 13 w\'\v\'\mal ,
that S Qvery orbit (s olanse.

Theorem Tdmo)s n )(‘“3? hoave e hofespharic periods , that s,
(‘—TQX\J? and \FR SD\'hS'F\) h(M-T Haw \t)= .

Indeed , than 9,(T) = 9, ((TD) - hee, (9, (M) € X " has period oy
bt is oleo ow!o'\{'rorig close to o {’roms(ahov\ of T with permck Y,
which is mpossible .



The Gueodesic Flow

choolQ,S(c [R- oction : st(X.s) = (etx, ets) for te R
(et 6 be an meommensurable scheme in ﬁ{d . Then

Theoren The ok)nmv\ica( Sys tom (X:\’? , %\ has donge
orbiks percedic ocbits (ond orbits that a2 neither)

The tiles that (tersect the s-axis define
an nfinite Word in the tile a(P\m.Ld::
PQ(‘iodic words = pQr*ioo\iQ 9¢ orbis

lords ﬂ\ﬁi contan A
Mrj ﬁn'&e (ng& w°ro\=> dente x* ocbits

€=0



The Gueodesic Flow

Theorem (Prime orbit thuorem couowxng [%rr‘3, Pollicott 83])

At‘
s (£)= % § periodic orbits T with minimal prrod Al)=td ~ W t— =
- The fi(imﬁ zeto function S‘(s)" ﬂ (- -Mt)s)
S
R ( ) Ve ("), -, *L.tp ST
() ¢ §
S --ZZ»( 9 ™S s LISk, whare SE)- L it %o
S‘(S) T: MOst

. Lo?(oce ’(ro«\sform L3S} hos o siw\?\o. Po\.Q ot s=d oith residue ;‘\

o \Wiener- Tkehara : S(t) ~ %&, t— w.

b
e 5= Llaol™0 s t L 1 = t1.0)  (upper bound more technical)

T~: MOst T*: MOst
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