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Substitution Tilings in Rd
d

A tiling is a collection of tiles with disjoint interiors that overs IR.

A substitution rule on a set of prototiles is

a tessellation of each prototile by rescaled

prototiles, with a fixed scale e (0,1)

Repeated applications of the substitution rule followed by
a rescaling define larger and larger patches.



Multiscale Substitution Tilings in IRP Tss (1)

A multiscale substitution scheme win RRP consists of a substitution

rule on unit volume prototiles T......in, where

various different scales appear and satisfy
a simple incommensurabily condition.

A time-dependent substitution semiflow it defines a family of patches:
At time t=o FF(T) =T, and as t increases the patch

is inflated by et and tiles of volumes I are

substituted.





Useful Example: 1-Kakutani Schemes
substitution scheme

I 2I(1-c) I

· Kaltani sequence of partitions im Takutani 76, Sol

always split I
longest interval As

My

As

· tilings of IR TSs ziT

·associated graph Gr TKSSIOT logd log,a

wis incommensurable if Go contains two closed paths of lengths abet.
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d
From Schemes in IR toTilings of Ha

upper half-space Hd++ E(x,s): x=(x,...,xd)t)Rd,s>0}

Two continuous actions by hyperbolic isometries:

·horospheric Reaction hy(x,s) =(y+x,s) for yeIR*
·geodesic IR-action g(x,s) =(etx,ets) for to R

satisfying gpo hy = hety·gt
Basic idea (Petite): give every Euclidean tile a height corresponding
to its scale, and glue tiles together instead of substituting

a 1-2
1 - (-c)

1-2



Gluing Procedure 35=13

d+1 hyperbolic hyperbolic
I

· Position the patch in H height log height log 1-2

aligned to the horosphere <s=13
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Gluing Procedure 35=13

d+1 hyperbolic hyperbolic
I

· Position the patch in H height log height log 1-2

aligned to the horosphere <s=13

·Glue an isometric copy of the patch
to the bottom of a tile, repeat

[after Dolbilin, FrettIonog]
L

· The limit object is called a tower

(suspended normalized Kakutani partitions)

· Tilings of HP are partial limits of towers under it as too
The tiling space NY is the collection of all such limits,
xy is invariant under both by and gt.





Liftings of Multiscale Substitution Tilings

Theorem Let Terry be a d+1-dimensional hyperbolic
tiling, then the map TxTnEs=i defines a d-dimensional
multiscale substitution tiling generated by W.

Hi IR

............. S

Finitely many tiles up to Infinitely many tiles up to
hyperbolic isometries Euclidean isometries

Cassuming incommensurability)

·horospheric Reaction by - translation action in IRd "space"

·geodesic (R-action gt -> substitution semiflow Ft "time"



Related Hyperbolic Constructions

Poincare
disk model
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TBOroczky 7nT [PenroseEgT

Upper half-
plane model

NBinarytiling eration systemsun Kamaeo5]



Related Hyperbolic Constructions

Poincare
disk model

x=z x= 1- x=
TBOroczky 7nT [PenroseEgT

Upper half-
plane model

Binary tiling N eration systems x=un Kamaeo5]



Related Hyperbolic Constructions

Escher's Regular Division
of The PlaneUI57

c=
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Counting in Towers 35=13

Theorem let to be an incomment

35=ety

S hyperbolicheight t
surable scheme in Rd. Then:

#tilesoftype;aboveinte
TvT1]; dt

S vTHr N
·e It > o

(Paths in Go of length = t)

dt#Stilesoftype;intersectisI W TvT(Sv -V)A)i.e,tcyvTHr N
(Walks in Go of length = t)

combinatories
(Sr)ijEye, entroor (Hb)ij = 2 -vol(T) · log vo((T)matric

↑

of type;
in Ti in Ti

volUre No
ijzEEspeYoLIT) rT = left Perron- Frobenius eigenvector of Vo

in Ti



The Horospheric Flow
d

horospheric Reaction: hy(x,s) =(y+ x,s) for ye

Let t be an incommensurable scheme in Rd. Then

Theorem The dynamical system (XP, hy) is minimal,
that is, every orbit is dense.

Theorem Tilings in X3 have no horospheric periods, that is,

if TeXand yeRd satisfy hy (T)=T then y= 0.

Indeed, then 9x(T) = 9((hy(T)) =hety (g+(T)) -X% has period etc.
but is also arbitrarily close to a translation ofwith periody,
which is impossible.



The Geodesic Flow

geodesic RR.action:gf(x,s) =(etc, ets) for te

d
Let t be an incommensurable scheme in R. Then

Theorem The dynamical system (X**,gH) has dense
orbits, periodic orbits (and orbits that are neither).

The tiles that intersect the s-axis define

an infinite word in the tile alphabet:

periodic words <periodic gt orbits

words that contain
a dense at orbits

x0 every finite legal word



The Geodesic Flow

Theorem (Prime orbit theorem following [Parry, Pollicott33])
dt

Mr(t) = #Speriodic orbits + with minimal period x(x)xt]w7.t-> 0

· The tiling zeta function 3.(s):=1(1-ex(s)

· 3(s) =
1

where (Mr(s)ij =osLIT)det (I -Mr(s))
in Ti

3(s) -(x(t)S
* =- 2Ex(z)e =-sC9S(t3Cs), where S(t) = [(x/x(x)
3(s) C: x(t)t

rm([S(t)3 has a simple pole at s=d with residue· Laplace transfo

· Wiener-[kehara: S(t)-edt 10
· s(t) = [(x(x(x) = + [ 1 = tπr(t) (upper bound more technical)

C: x(t)t C: x(t)t



Thank You!


